Abstract: This paper presents a procedure of conducting Stochastic Finite Element Analysis using Polynomial Chaos. It eliminates the need for a large number of Monte Carlo simulations thus reducing computational time and making stochastic analysis of practical problems feasible. This is achieved by polynomial chaos expansion of the displacement field. An example of a plane-strain strip load on a semi-infinite elastic foundation is presented and results of settlement are compared to those obtained from Random Finite Element Analysis. A close matching of the two is observed.
INTRODUCTION
The design of foundations of structures requires an assessment of settlement which is generally difficult because of the uncertainty and spatial variability of the properties of soil materials. Various forms of uncertainties arise which depend on the nature of geological formation, the extent of site investigation, the type and the accuracy of design calculations, etc. In recent years, there has been considerable interest amongst engineers and researchers in the issues related to quantification of uncertainty as it affects safety, design as well as the cost of projects.
A number of approaches using statistical concepts have been proposed in geotechnical engineering in the past 25 years or so. These include the Stochastic Finite Element Method (SFEM) (Fenton and Grifith, 2008) . The RFEM involves generating a random field of soil properties with controlled mean, standard deviation and spatial correlation length, which is then mapped onto a finite element mesh.
In the past, SFEM has been developed using different expansions of stochastic variables. In this paper, we present SFEM using the method of Generalized Polynomial Chaos (GPC). In the first part of the paper, a new algorithm based on RFEM using the Circulant Embedding method (Lord et al. 2014 ) is presented in order to generate the random fields. In the second part, development of SFEM based on the Karhunen-Loeve Expansion for stochastic process discretisation and GPC is described. Finally, in the last part of the paper, the problem of settlements of a foundation is solved by the two methods and the results are compared.
PROBLEM DESCRIPTION AND MODEL FORMULATION
Let us consider a general boundary value problem of computation of probable deformation of a body of arbitrary shape having randomly varying material properties caused by the application of a randomly varying load as shown in Fig. 1 . According to the elasticity theory a boundary value problem can be described as follows
An in the weak form as
where
In the case of homogenous boundaries conditions the test function and the operators are determined as follows
ú. In essence the solution of the problem is a function of the form u ∈ Ω × D → ú, i.e., a random field and is not a deterministic function.
Although the procedure presented in the following sections is general and applicable to any boundary value problem, a specific problem of a plane-strain strip load on a semi-infinite elastic foundation with elastic modulus (E) varying randomly in space is considered for simplicity of illustration (Fig. 2) . The foundation loading in general form is not specified and also can vary randomly. In order to model the problem assuming the sample space (Ω, F, P) where F is the σ-algebra and is considered to contain all the information that is available, P is the probability measure and the spatial domain of the soil is ⊂ ú 2 .
The elasticity modulus {E(x, ω): ∈ D × Ω} and the foundation load {f(x, ω): ∈ D × Ω} considered as second order random fields and their functions are
) and characterized by specific distribution, in our case as Gaussians. The expected value of a quantity of the problem is given by the following norm The most common way to solve this problem is to create a random field of the soil properties which is mapped to a grid of finite element and then for different every time realization of the fields {E(⋅, ω)} to solve an ordinary boundary value problem using the Monte Carlo method.
The problem of single and multiple footings has previously been studied using RFEM analysis by Paice et al. 1996 and Fenton and Griffiths 2002 , 2005 . In the work of Fenton and Griffiths, the results obtained in a probabilistic settlement analysis using a stochastic finite element method based on first order second moment approximations are compared with the random finite element method based on generation of random fields combined with Monte Carlo simulations. One of the main characteristics of these problems is how to create random fields. A majority of the researchers in the past followed the method of Local Average Subdivision (LAS) (Fenton and Vanmarcke 1990 ). In the current work, the random field is generated by the Circulant Embedding method (Lord et al. 2014) using the Fast Fourier Algorithm resulting in, as will be shown in the following sections, an exact simulation of stochastic processes.
Following the random field generation the displacement field u k (x) for each realization takes place. At the end of all running the statistical moment based on the Monte Carlo method is calculated. The problem for each realization E κ (⋅, ω) in the weak form is
And the expected values at the end
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And the variance
(8)
RANDOM FIELD GENERATION
The Circulant Embedding method (Lord et al. 2014) is a technique used for the generation of realizations of Gaussian stochastic processes. This technique has two main advantages among others. The first is that the statistical properties of the generated process are exactly the same process that we aim. The second advantage arises from the Fast Fourier Transform Algorithm which significantly reduces the computational cost. This method seems to have initially been studied in problems of one dimension by Davies and Harte (1987) (2014) whose principles are followed in this work. According to the method, in the case where the samples are uniformly distributed in space in a two-dimensional problem, then the covariance matrix C is Toeplitz (Appendix A) and has as elements Toeplitz blocks (block Toeplitz with Toeplitz blocks (BTTB)). The covariance matrix can be described by the Fast Fourier Algorithm
where 2 1
(10)
The F 1 , F 2 are the Fourier matrices with dimensions of n 1 × n 1 and n 1 × n 2 , respectively, and the diagonal matrix D includes the eingenvalues of the covariance matrix. For the application of the method the covariance matrix has to be circulant and for that reason using the BTTB matrix a new circulant (Appendix A) matrix is created with n 2 blocks of circulant matrices n 1 × n 1 which is represented uniquely by the reduced matrix C red = [c 0 , ..., c n 2 -1 ]. The latter can be replaced uniquely by the vector c red ∈ R n 1 n 2 . Following the process described and provided that the covariance matrix has non-negative and real eigenvalues we get
And finally,
Considering the covariance matrix
In Figs. 3 to 6, examples of random fields realization for different correlation lengths of the above covariance matrix are presented.
THE STOCHASTIC FINITE ELEMENT METHOD (SFEM)
The SFEMs have a wide range of applications and are used to solve problems in various branches of science. In the following paragraphs we introduce the procedure to solve problems in geotechnical engineering using the Stochastic Finite Element Method based on Generalized Polynomial Chaos.
KARHUNEN-LOEVE EXPANSION
One of the major points of the SFEM is the separation of deterministic part from the stochastic part of the formulation. Thus the method has two types of discretization, the ordinary FEM discretization of geometry and the stochastic discretization of random fields. In the current paper, in order to reach in these results the Karhunen-Loeve expansion has been used which is the most efficient method for the discretization of a random field, requiring the smallest number of random variables to represent the field within a given level of accuracy. Based on that the stochastic process of Young's modulus over the spatial domain with a known mean value ) ( x E and covariance matrix Cov(x 1 , x 2 ) is given by
In practice, calculations were carried out over a finite number of summations (for example, 1-5), so the approximate stochastic representation is given by the trancuated part of expansion 
The pairs of eingenvalues and eingenfunctions were obtained by the equation 
which is satisfied by the equation
And
,
In the general case, where the load presents randomness (19) where ρ: Γ ⊂ R is the η joint density of independent random variables ξ.
In order to solve the problem according to the finite element method in the current paper we consider a triangle K with nodes N i (x (i) , y 
The test v function belongs to the space
Any type of higher order shape functions can be used although it will increase the computational cost.
In order to solve problem 1 we have to create the new space 
Using the dyadic product of the space The function u ∈ W hk can be written as the summation of S k polynomials base as
According to that and using the inner product of the weak form equation on each polynomial of the S k base we get
The lhs of the equation can be written based on the solution's polynomial chaos expansion as 
From the above 
The LHS of the weak form equation can be written as
And the RHS of the weak form assuming constant load for simplicity
Finally, the system has the form
The statistical moments of the displacement field arise by the properties of the Polynomial of Chaos expansion.
The expected value ). 
NUMERICAL EXAMPLE
The application of the numerical algorithms described in the previous paragraphs is presented and results are compared to those obtained from RFEM using Monte Carlo simulations. The problem shown in Fig. 2 is solved and the geometry of the finite elements used is presented in Fig. 7 . The input data of the problem is the random field modulus with a constant average value equal to 100 MPa and a fixed Poisson ratio equal to 0.3. Calculations have been made for ten different coefficients ν e = E E μ σ of the elastic modulus with a minimum value of 0.1 and then with step 0.1 to a maximum value equal to 1. This problem was solved for four different correlation ferences up to a value of ν e = 0.5, while the continuous increase of ν e leads to the maximum value of difference when ν e is equal to 1. The same effect on the results presents the increasing of the correlation length. In practice, it can be considered an upper limit of variability for many soils (e.g., Lee et al. 1983 ) for elasticity with ν e = 0.5. Figure 14 shows the results for ν e = 0.5 with different values of correlation lengths being presented. In this case the differences do not exceed 2.4%. In Appendix B, a comparison of the results for the case of ν e = 0.5 and λ x = λ y = 2 is presented. 
Definition 2
When every row of the matrix is a right cyclic shift of the row above it so that t k = t -(n-k) for k = 1, 2, ..., n -1. In this case, the matrix is called Circulant and is equal to 
